JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 24, No. 2, March-April 2001

Robust Autopilot for a Quasi-Linear Parameter-Varying

Missile Model

Antonios Tsourdos, Rafat Zbikowski, and Brian A. White
Cranfield University, Swindon, England SN6 S8LA, United Kingdom

A sideslip velocity autopilot is designed for a model of a tactical missile, and robust stability of the closed-loop
system is investigated. The tail-controlled missile in the cruciform fin configuration is modeled as a second-order
quasi-linear parameter-varying system. This nonlinear model is obtained from the Taylor linearized model of the
horizontal motion by including explicit dependence of the aerodynamic derivatives on a state (sideslip velocity)
and external parameters (longitudinal velocity and roll angle). The autopilot design is based on input-output
pseudolinearization, which is the restriction of input-output feedback linearization to the set of equilibria of the
nonlinear model. The design makes Taylor linearization of the closed-loop system independent of the choice of
equilibria. Thus, if the operating points are in the vicinity of the equilibria, then only one linear model will describe
closed-loop dynamics, regardless of the rate of change of the operating points. Simulations for constant lateral
acceleration demands show good tracking with fast response time. Parametric and Hy stability margins for
uncertainty in the controller parameters and aerodynamic derivatives are analysed using Kharitonov’s approach.

The analysis shows that the design is fairly robust with respect to both kinds of uncertainty.

I. Introduction
NE of the most popular methods for applying linear time-
invariant (LTI) control theory to time-varying and/or nonlin-
ear systems is gain scheduling.! This strategy involves obtaining
Taylor linearized models for the plant at finitely many equilibria (set
points), designing an LTI control law (point design) to satisfy local
performance objectives for each point, and then adjusting (schedul-
ing) the controller gains in real time as the operating conditions

vary. This approach has been applied in practice, particularly for
aircraft.

An early theoretical investigation into the performance of
parameter-varyingsystems can be foundin Ref. 2. During the 1980s,
Rugh,' Baumann and Rugh,’ and Wang and Rugh* developedan an-
alytical framework for gain schedulingusing extendedlinearization.
Also, Shamma and Athans’~7 introduced linear parameter-varying
(LPV)systemsas a tool for quantifyingsuch heuristicdesignrules as
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the resultingparametermust vary slowly and the schedulingparame-
ter must capture the nonlinearitiesof the plant. Shahruzand Behtash®
suggested using LPV systems for synthesising gain-scheduledcon-
trollers, and Shamma and Cloutier® have used LPV plant models for
designing missile autopilots.

Attention has since turned to performance and design of
parameter-dependentcontrollers for LPV systems. Performance is
usually measured in terms of the induced L, norm, and controllers
are designed for certain classes of parameter variations, for exam-
ple, real or complex values, arbitrarily fast or boundedrates of vari-
ation, shape of the parameterenvelope, etc. The resultingparameter-
dependent controllers are scheduled automatically, so that the often
arduous task of scheduling a complex multivariable controller a
posteriori is avoided.

In this paper, a sideslip velocity autopilotis designed for a realistic
model of a tactical missile, and robust stability of the closed-loop
system is investigated.

The tail-controlled missile in the cruciform fin configuration'® is
modeled as a second-orderquasi-linear parameter-varying (QLPV)
system. This nonlinear model is obtained from the Taylor linearized
model of the horizontal motion by including explicit dependence
of the aerodynamic derivatives on a state (sideslip velocity) and
external parameters (longitudinal velocity and roll angle). The first
contributionis to consider this detailed QLPV (and, thus, nonlinear)
model.

The autopilot design is based on input-output pseudolineariza-
tion.!' =13 The design makes Taylor linearization of the closed-loop
systemindependentof the choice of equilibria. Thus, if the operating
points are in the vicinity of the equilibria, then one and only one
linear model will describe closed-loop dynamics, regardless of the
rate of change of the operating points. Simulations for constant
lateral acceleration demands show good tracking with fast response
time. The second contributionis to interpret pseudolinearizationas
the restriction of feedback linearization'* to the set of equilibria,
and the third is to perform a successful pseudolinearisingdesign for
a QLPV system.

Parametric'>!% and H,, (Ref. 17) stability margins for uncer-
tainty in the controller parameters and aerodynamic derivatives are
analyzed using Kharitonov’s approach. The analysis shows that the
design is fairly robust with respect to both kinds of uncertainty. The
fourth contribution is to perform an effective robustness analysis,
despite the involved parametric dependencies.

This paper is organized as follows. Section II presents the mis-
sile model, a classification of dynamics models with emphasis on
QLPV systems, and input-output pseudolinearization After this
background, Sec. III describes the auto-pilotdesign and the results
of simulations,andin Sec. IV robuststability ana-lysisof the closed-
loop system is considered. Conclusions follow in Sec. V.

II. Preliminaries

A. Missile Model

Missile autopilots are usually designed using linear models
of nonlinear equations of motion and aerodynamic forces and
moments.'>!® The objective of this paper is robust design of a
sideslip (yaw) velocity autopilot for a nonlinear missile model. This
model describes a reasonably realistic airframe of a tail-controlled
tactical missile in the cruciform fin configuration (see Fig. 1). The
aerodynamicparameters in this model are derived from wind-tunnel
measurements.'

The starting point for mathematical description of the missile is
the following nonlinear model'®!° of the horizontal motion (on the
x-y plane in Fig. 1):

v=y,(M, %, 0)v=Ur+y.(M,x 0)¢
= %m_IpVOS(Cva + VOC),[g) —Ur
F=n,(M, A 0)v+nM, 1 o)r+n (M1 o)
= 1I7'pV,S8d(LdC, r + C, v + VoC, ¢) (1)

where the variables are defined in Fig. 1. Here, v is the sideslip
velocity; r is the body rate; ¢ the rudder fin deflections; y, and

Table 1 Coefficients in nonlinear model (1)

Coefficient
Coefficient name Interpolated formula
Cy, Sideslip normal 0.5[(=25+ M — 60|c|)

force X (1 4+ cos4r) + (—26+1.5M
=30l (1 — cos42)]
Cy, Fin normal 10 + 0.5[(—=1.6M + 2|0 )
force X (1 4+ cos4r) + (—1.4M
+1.5|0])(1 — cos42)]
—500 — 30M + 200|o |
smCy, , where:
sm=d [1.34+0.1M
4+ 0.2(1 + cos4Ar)|o|
4+ 0.3(1 — cos4Ar)|o|
—(134+m/500)]
spC Yoo where:
sp= d~'[2.6 — (1.3 4 m/500)]

Damping moment
Sideslip moment

Co, Control moment

Fig.1 Airframe axes.

Y, semi-nondimensionalforce derivatives due to lateral and fin an-
gle; and n,, n;, and n, semi-nondimensional moment derivatives
due to sideslip velocity, fin angle, and body rate. U is the lon-
gitudinal velocity. Furthermore, m =125 kg is the missile mass,
0 =po — 0.094h air density (oo =1.23 kgm~3 is the sea level air
density and & the missile altitude in km), V; the total velocity in
ms~!, S =nd?/4=0.0314 m? the reference area (d = 0.2 m is the
referencediameter), and I, = 67.5 kg m? is the lateral inertia. For the
coefficients C,,, C, , C,,, C,,, and C,, only discrete data points are
available, obtained from wind-tunnel experiments. An interpolation
formula for the Mach number M €[0.6, 6.0], roll angle A € [4.5,
45 deg] and total incidence o € [3, 30 deg] has been derived with
the results summarized in Table 1.

The total velocity vector Vj is the sum of the longitudinal velocity
vector U and the sideslip velocity vector v, that is, Vo = U + v, with
all three vectors lying on the x-y plane (see Fig. 1). We assume
that U > v, so that the total incidence o, or the angle between U
and V), can be taken as 0 = v/ V), as sino ~ ¢ for small o. Thus,
we have 0 = v/ Vo =v/+/(v* + U?), so that the total incidence is a
nonlinear function of the sideslip velocity and longitudinal velocity,
o=o(,U).

The Mach number is obviously defined as M = V,/a, where a is
the speed of sound. Because Vy = +/(v? + U?), the Mach number
is also a nonlinear function of the sideslip velocity and longitudinal
velocity, M = M (v, U).

It follows from the preceding discussion that all coefficients in
Table 1 can be in-terpreted as nonlinear functions of three variables:
sideslip velocity v, longitudinal velocity U, and roll angle A.

For an equilibrium (vy, ro, &) it is possibleAto derive frorAn Eq. (1)
a lingarAmodel in incremental variables, v = v — vy, ¥ = r —ry,
and ¢ = ¢ — . In particular, for the straight, level flight (with
gravity influence neglected), we have (v, ro, &) = (0, 0, 0), so that
the incremental and absolute variables are numerically identical,
although conceptually different.

B. Taxonomy of Models
Mathematical representationof nonlinear missile dynamics aims
atderivingmodelsthat adequately capture missile behaviourand are
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practical for systematic control design. A taxonomy of dynamics
models is presented in the following diagram, which should be
viewed in conjunction with Eq. (1) and Table 1 of Sec. ILA.

The diagram shows the dynamics of missile models and their
relationships, where x =x () is the state, u =u(t) the input, and
0 =6(t) external parameters (variables different from x and u).

The lower left corner of the diagram is the LTI model:

X = Ax + Bu, y=Cx 2)
whereu = u(t) € R” is the vectorof inputs,x = x(t) € R" is the vec-
tor of statesandy = y(t) € R? is the vector of outputs. Finally, A, B,
and C are matrices with constantreal entries, A e R"*" B e R"*",
and C € R" Y. This familiar model arises from Taylor linearization
about a single flight condition and allows linear controller design,
but has limited applicability for the whole flight envelope.

of the diagram in this section. The topmost model is quasi-linear
time-varying (QLTV), which in the context of Eq. (1) and Table 1
of Sec. II.A is the most general framework we need:

X = A(x,t)x + B(x, Hu, y=C(x,t)x 4)

The most important novelty in the QLTV model over the models
in the lower part of the diagram in this section is that it is non-
linear because matrices A, B, and C depend on state x. Note also
that Eq. (4) is time-varying (A, B, and C depend on time ¢, as
well).

Obviously, the LTV model is a special case of the QLTV model,
but more important are the two nonlinear special cases, as illus-
trated in the diagram in this section. The top left one is the quasi-
linear time-invariant(QLTI) model, obtained from Eq. (4) by simply

\
QLPV
%= A[x, 0(0)]x + B[x, 0()]u

QLTV
X = A(x,t)x + B(x,t)u
vd
QLTI
X =Ax)x + Bx)u
1
LTV

%= A(®x + B)u

e
LTI

X = Ax + Bu

Traditionally, satisfactory performance across the flight envelope
can be attained by gain scheduling local autopilot controllers to
yield a global controller. The global controlleris a collection of LTI
controllers designed for the corresponding family of LTI models
obtainedvia Taylorlinearizationsaboutequilibria. An LTI controller
of the collectionis switched on when the current operating point of
the flight envelope is in the vicinity of the relevant equilibrium.
This switching schedule is determined by the scheduling variables,
whichare externalin the sense thatthey are differentfrom state x and
input u. A precise mathematical description of the resulting control
system has recently been achieved with LPV models, appearing in
the lower right corner of the preceding diagram:

X =A[0@®)]x + BlO®)]u, y=C[6()]x 3)

The entries of matrices A, B, and C are no longer constant as in
the LTI model (2), but are time varying, making LPV models a
special case of linear time-varying LTV models, as symbolized in
the diagram. The variation over time is determined by parameters
0, which represent a generalization of scheduling variables. Gain
scheduling requires scheduling on a slow variable, which means
that changes in 6 should be much slower than changes in x and
u. This requirement (violated for a rapidly maneuvering missile)
is absent in the LPV model and, hence, it is a generalization of
gain scheduling. This motivates recent interest in the LPV approach
to autopilot design, as it promises to preserve the transparency of
linear controllerdesign while reflecting the rapidly changing missile
dynamics.

However, the LPV model is still a collection of linear designs,
and in each of those it is impossible to distinguish between real
disturbancesand normal manifestationsof nonlinearity. Hence, any
furtherimprovementin performanceand robustnesscan be achieved
only by directly acknowledging missile nonlinearity, rather than
treating it as nuisancein a linear model. Thus, the nonlineardynam-
ics must be explicitly incorporated into the mathematical descrip-
tion, but without undue generality. This is done in the upper part

N
LPV

%= A[0(D)]x + B[OG)]u

dropping the explicit dependenceon time . The top right represen-
tation, the QLPV model, is the most relevant one here:

x = Alx,0(®)]x + Blx,0(0)u, y=Clx,00lx (5
Mathematicaldescription(5) is the focus of this paper, because close
ex%mination og Eq. (1) anAd Table 1 of Sec. II.A reveals that with
x=( r)Y,u=¢,andd = (U 1), Eq.(1)isof the formof Eq. (5).
This is pursued further in Sec. III.

C. Input-Output Pseudolinearization
Consider the nonlinear system with m inputs and q outputs:
x=f(x,u), y =h(x) (6)
where f: X xU — R" and h: X — R? are smooth and X C R" and

U C R™ are open sets. The set of equilibria of Eq. (6) is assumed to
depend on parameters p € P C R”, P open, and is denoted as

C(p) = {[xo(p), uo(p)1 | flxo(p), uo(p)1 = 0} (M

where x,: P — X and u,: P — U are at least differentiable. Note
that parameters p, unlike 6 in the diagram of Sec. II.B, need not be
external, that is, p may depend on x and/or u. In particular, p may
depend on both state x and external parameters 6, which is used in
Sec. III. R R R

Let £(p) = x —x0(p), d(p) = u— uo(p), and §(p) = h(x) —
h[xy(p)] be the incremental variables arising from Taylor lineariza-
tion of the opAen-loop system (6) at an eAquilibrium from G(p).
Setting A(p) = E)f/ax|[X<>(P)-u<>(1?)]’ B(p) = 8f/au|[X<>(P)-u<>(l’)] and
C(p) = 0h/0x1xy(p),uo(p1> the correspondinglinearized system is

X(p) = A(p)X(p) + B(p)i(p), y(p)=C(p)x(p) )
with the additional assumption that Eq. (8) is completely control-

lable and observable and has relative degree r for all points from
G(p)andall pe P.
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The problem of input-output pseudolinearization'! ~!* is to find
for system (6) the restriction of a state transformation z = ® (x) to
G(p) and the restriction of a feedback law u = k(x, v) (with v to
be determined as a function of z and reference signal) to G(p), so
that Taylor linearization of the resulting closed-loop system is in-
dependent of the choice of equilibrium from E(p) and parameter p
from P. Note that, unlike for feedback linearization* we are not
looking for a global transformationz = ® (x) and a global feedback
law u = k(x, v). We seek only their restrictions to the parameter-
ized family of curves {&(p)}, < p, s0 that we need not find the whole
of @ and the whole of k. This simplifies the design considerably,
but the resulting control law will be applicable only in the imme-
diate neighborhoodof {&(p)}, < p, not the whole X' x I/. However,
Taylor linearization of the resulting closed-loop system will be in-
dependent of p and, thus, of all equilibria of {&(p)}. In this way, if
the operating points are in the vicinity of the equilibria, then one and
only one linear model will describe closed-loop dynamics, regard-
less of the rate of change of the operatingpoints. Note that the design
cannot guarantee anything beyond the immediate neighborhood of
(©(P)per

For a single-inputkingle-output(SISO) system (8) the restriction
ofz=®(x)andu =k(x, v) to {E(p)},cr shouldgive the following
TaylorAlinearization in the (z,v) space f{here, z = z — ®[xy(p)]
and v = v — vo(p) with u(p) =k[xo(p), vo(p)1}:

1=
Zr—l :Zr
=0

o =al\[xo(p). uo(p)lz

z, = al[xo(p), up(p)1z
)_’ =7z C))

where only the n-dimensional vectorsa, . , ..., a, still depend on
equilibria from G(p) and parameters from P. As the dynamics de-
fined by @, |1, ..., a, are unobservable (so must be stable), from
the input-output viewpoint system (9) is linear of order r and re-
mains the same for all current values of x, uy, and p. This should
be contrasted with Taylor linearization (8) of the open-loop system
(6).

Input-output pseudolinearization may be interpreted as the re-
striction of feedback linearization'* to the parameterized family of
sets of equilibria {&(p)},c p. The focus is on a small portion of
the p parameterized (x, u) space, that is, on linearization along
the parameterized family of curves {€(p)}pep. Thus, it sAufﬁces to
investigAate the tangents 0®/dx = T of ® and dk/dx = F, and
0k/dv = G of k along {€(p)}, < p, rather than global properties of
® and k. In particular'>!? it is required that T'[x,(p)] is invertible
forall p € P, and that feedback law u = k(x, v) is smooth and satis-
fies uy(p) =kl[xy(p), vo(p)], and that G[xo(p), vo(p)] is invertible
for all p € P. The two conditions on k£ were implicitly used in the
parenthetical statement preceeding Eq. (9), but explicit knowledge
of k, or @, is not necessary even there, as v (p), and zo(p), is never
explicitly needed. Essentially, this is because the starting point of
the design is Eq. (8), which is then transformed into Eq. (9). The

formula for the tangent of transformation ® along {€(p)}, < p is'>'*:
z=T(p)x (10)
C(p)
C(pA™~'(p)
T(p) = (11)
T, 1 1(p)
L T

whererows 7;, i =r + 1, ..., n can be obtained from
Tr+l(p)
: B(p)=0 (12)
T.(p)

which is a system of n — r linear equations in (n — r)n unknowns.
Note that matrix 7 can be ill conditioned if the eigenvalues of A
differ by orders of magnitude, which is a general weakness of all
approachesbased on state transformation. However, if it is possible
to choose convenient p, this problem may be partially alleviated.
For the tangent of feedback law k along {&(p)}, < p the formula

i812'13:

i = F(p)i + G(p)? (13)
where

F(p) = -[C(MA ' (p)B(MI'C(pA"(p)  (14)

G(p) =[C(PA™~ (p)B(p)]™! (15)

Formulae (10-15) transforma SISO, Eq. (8), into Eq. (9). Design
of a stabilizing control law (13) is complete when v =Kz, +- - - +
K,.z,,where K;,i=1,...,r are constaAnts. If the desired output y,
is nonzero, then the tracking erroris e = y, — y =y, — z; with its
derivatives e®) = )75) —Zi+1,i=1,...,r — 1. Hence, the tracking
control law will be v =K,e+ --- + K,e" =V, Putting z =T (p)x
and v in Eq. (13) gives the feedback law in terms of X, so that
transformation 7' can be viewed as an auxiliary tool for designing
the feedback control law (13). Thus-derived law (13) should be
substituted in Eq. (8).

Geometrically, {€(p)}, < p are general curves in the (n + m) di-
mensional (x, u) space. They are projections of the corresponding
(n + m + n) dimensional curves from the [x, u, f(x, u)] space,
where f is the right-hand side of Eq. (6). Taylor linearizations in
the [x, u, f(x, u)] space at different points of curves {&(p)} , < p in-
volve straight lines of different tangents. Mapping ® and feedback
law k transform the general curves of the [x, u, f(x, u)] space into
a single straight line £, whose projection on the (z, v) spaceis also
a straightline, . (A curvein the [x, u, f(x, u)] space is fully deter-
mined by valuesof x and u alone. Thus, transformationof (x, «) into
(z,v) by x =®7!, and, thus, u = k[®~!(z), v], fully determines the
new shape of the curve.) Thisline/ is the image of curves {G(p)} < p
in the (z, v) space under ® and k. Taylor linearizationalong/ gives
one tangent for all points of {&(p)}, < p, namely the tangent of £.

III. Design of Sideslip Velocity Autopilot

As explainedin Sec. II.A, the Mach number M and the incidence
o are functionsof v and U, so that the missile model givenby Eq. (1)
and Table 1 can be represented as

v=y,(v,U,)v—=Ur+y. (v, U, A)¢
r=n,v,U,\Nv+n., U, ANr+n.(v,U,1)¢ (16)
Recall from Sec. I A. that for the straight, level flight (with grav-

ity influence neglected) the incremental and absolute variables are
numerically identical. Therefore, setting

v

v

xé[}, p2lU|, it 320 a7

.
A

Egs. (16) lead to the following description:

X = A(p)¥ + B(p)i, y=Cx (18)
where
I R0 Ny Y
A@Pme m@J’ B@”[mwj

c=[1 0] (19)
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Thus, representation (16) can be seen as the QLPV model (cf. di-
agram, Sec. II.B), because p in Eq. (17) comprises both a state
and external parameters (longitudinal velocity U and roll angle 1),
so that matrices (19) depend both on X and 6. On the other hand,
Eq. (18) is also of the form of Eq. (8), which allows the use of
pseudolinearization

Although we use incremental sideslip velocity v as output [see
Eq. (17)], the demand usually is given in terms of lateral accel-
eration a,. Because a, =v + Ur, we can use Eq. (16) to obtain
a,=y,v+y:¢. The term y,¢ will be small because it represents
the lateral force developed by the tail fin. As the moment arm of the
tail fin is usually much greater than the missile static margin, the tail
force y, ¢ is much smaller than the wing and body lateral force y, v,
and so we canuse the approximationa, ~ y,v, whichis a static non-
linearrelationshipbetween lateral accelerationand sideslip velocity.
This can then be used to translate approximately the a, demand into
v demand.

Our design of the sideslip velocity autopilot takes the second-
order (n =2) model (18) and (19) as the starting point. Noting that
the relative degree r is 2, we then use formulae (10-15). Because in
our case r =n, we have no need for Eq. (12), so that

T()—|: ¢ }—[ ! 0} (20)
PP=leam ]~ vy =ps

The control law will be
i = F(p)i + G(p)w 1)

where w is the fictitious input still to be determined in terms of x
and the reference signal. Matrix F is

F(p) = —[CA(p)B(p)]"'CA* = [1/a(p)l[-bi(p) —by(p)]
(22)
and scalar G

G(p) =[CA(P)B(P]™" = 1/a(p) (23)

where

bi(p) = y.(p) — ny(p)pa. by(p) = =y, (p)p2 — n.(P) P2

a(p) = yo(p)y:(p) — ne(P)p2 24)

When we substitute Egs. (22) and (23) into Eq. (21), the resulting
pseudolinearizingcontrol is

¢ = [1/a(p)][=bi(p)v — by(p)r + w] (25)

which still requires defining w to ensure tracking. Let e 2 vg —vbe
the sideslip velocity error, where v, is the sideslip velocity demand
derived from piecewise constant lateral acceleration demand. Then
the final form of the control law is

¢ =[1/a(p)l[=bi(p)v — ba(p)r + Kr& + Ka2]  (26)

The constants K, and K, in Eq. (26) are chosen as K, = ®? and
K, =2¢w,, where w, =70rad/s and § = 0.7, so that the error equa-
tion is € +2&w,e + w?e=0. This should give a 3-4 times faster
response than in the open loop. )

In practice, the acceleration demand will not be constant, and &
will be generatedby e = —v = —y, (p) + p,r with v; =0. This will
not affect the stability of the closed-loop system, but will slightly
degrade the dynamicperformance. This slightdegradationis accept-
able, and it also means that the demand does not need differentiation.

Simulation results for 300 m/s> constant demands in lateral ac-
celeration are shown in Fig. 2. The steady-state error in lateral ac-
celerationis about 1%.

Recall that the sideslip velocity demand was derived approxi-
mately from the original lateral acceleration demand. The static
approximation neglected the fin force term y, ¢. The effect of this
term is evident in the nonminimum phase characteristic in lateral
acceleration a,. Note also that the initial fin angle ¢ <0. On the
other hand, in Fig. 2 the initial undershoot of —36.7 m/s? for a,, is

(=
<
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(=]

i I | ; | i
0.2 0.25 0.3 0.35 0.4 0.45 0.5
Time(sec)

[=]
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i i i | ; ;
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Fig. 2 Simulation for constant lateral acceleration demand of
300 ms~2.

noteasily discernibledue to the axes scaling, but its presenceis also
validated by ¢ < 0. These phenomena occur because the fin force
dominates in the initial accelerationresponse. This is quickly over-
come by the sideslip force as incidence builds up. The steady-state
error represents the fin force contribution that was neglected in the
analysis.

IV. Robust Stability Analysis

Unstructureduncertaintiesrepresentthe effects of high-frequency
unmodeleddynamics, nonlinearities,and errors due to linearization,
etc.,and are usuallymodelled as a ball of norm-boundedoperators. It
has been shown?° that certain types of robustperformance problems,
specified in terms of norms, can be posedas robuststability problems
under unstructured perturbations. By structured uncertainty'>1¢ we
mean parametric uncertainty representing lack of precise knowl-
edge of the actual system parameters. In this section we analyze
stability of the autopilot designed in Sec. III with uncertainties of
mixed type?! with the objective of quantifying,as nonconservatively
as possible, the sizes of perturbations that can be tolerated by the
closed-loop system. We attempt to do this by considering unstruc-
tured perturbations acting around an interval system.

A. Nominal Model

The sideslip velocity autopilotclosed-loopcharacteristicequation
can be obtained by substituting control law (26) into Eq. (16). This
yields

U =y,(p)v — par + [y¢ /a(p)][=bi (p)v — by(p)r + K & + Ké]
r=n,(p)v+n.(p)r

+[n, /a(p)l[—b(p)v — by (p)r + K& + K,é] 27
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When we assume that the derivative v, of the sideslip velocity de-
mand is zero, we have ¢ = —v. Then the closed-loopequations(27)
can be rewritten as

E(p)x = A.(p)X + B.(p)vy, (28)

with x, ¥, and p as in Eq. (17) and matrices E, A., B,, and C given
as

E(p) = [a(p)+y<<p>1<2 0 }
ne(p)K, a(p)

Ap) =

[yv (p)a(p) — y:(P)bi (p) — y: (P)K,
ny(p)a(p) —n:(p)by(p) —n.(p)K,

_ Ye(p) K,
B.(p) = |:n£(p)K11| ;

For the purposes of robust stability analysis, we assume that
Egs. (28) and (29) represent an uncertain LTI model, whose un-
certainty is caused by variationsin p (recall that p, is a state). Then
the nominal transfer function from v, to v is

—paa(p) — y.(p)b, (p)}
n,(p)a(p) —n.(p)b,(p)

c=[1 0] (29)

G(s) = C[sE — A.I"'B, = n(s)/d(s) (30)

where
n(s) =Kyy,s — K(n,y, + Uny)
d(s) = (a+ y.Ky)s* = la(n, +y,) —nby — y:by
+ en, + Unp)Ky — 3 Kils + [a(y,n, + Uny)
+ (eny = yong)by — (yen, + Unp)by — (yen, + Un) K]
(31)
B. Worst-Case Parametric Stability Margin
In this section the stability margins associated with two kinds of
parametric uncertainty, 1) varying controller parameters a, b, and

b, and 2) varying aerodynamics parameters y,, U, n,, n,, and n,
are analyzed. The problem can be simplified by making the same
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approximations that were used in the design process by neglecting
the fin angle force y,. Then the characteristic polynomial becomes

d(s) = as* — [a(n, + y,) — neby +UneKsls

+[a()’v”r +Un,) — )’vncbz - U”(bl - U”(Kl] (32)
1. Controller Stability Analysis

To assess the robustness to controller parameters errors in a, by,
and b,, we first define their nominal values:

by =y>—n,U, by =—y,U—n,U, a=-nU (33)
When we assume an error model of the form
b, = b, + Ab,, by = by + Abs, a=d+Aa (34)
the uncertainty in characteristic polynomial (32) is
d(s) = (@ + Aa)s* + [aK, — (n, + y,)Aa + n  Aby]s
+[akK, + (y,n, +n,U)Aa — y,n  Aby + aAb] (35)
This equation is in the affine form'®
3
d(s) = () + Y 8:(s)q; (36)
i=1
where ¢; are relative errors (in percent)
a = Aaja, ¢ = Ab, /b, 4 = Ab /b, (37)

and |g;| <s; with s; the range of parameter uncertainty in percent.
From Eqs. (35-37)

So(s) = a[(1 + Ky)s® + K, |
81(9) =a[s* = (i, +y)s + Oun, +n,0)]

8(s) = by(nys — y,ny), 85(s) = ab, (38)

Note that the frequency response lies within the image set, hence,
aqualitativeview on the uncertaintyin time responsecan be obtained
from the image plot. The convex hull of mapped vertices across a

gridof frequenciesis shownin Fig. 3. The zero exclusioncondition'®

1 | | |

- ; ;

I
-2 -1.5 -1 -0.5

0

0.5 1 1.5 2

Fig.3 Frequency template of Gk and Ho stability margin for variations in controller parameters.
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is satisfied for parameter variation of 70% for a and b, and 100%
for b;. As expected, the greatest effect is changing the gain a. A
smaller, but significant effect occurs when b, is inaccurate. This
manifestsitselfin a loss of damping characterizedby a vertical shift
in the frequency response. The term b; has negligible effect on the
robustness of the system.

2. Aerodynamic Derivatives Stability Analysis

The uncertainty in aerodynamic derivatives can also be studied
using Kharitonov techniques. The approach used here assumes that
the true values and the design values are in error. The error model
is, thus,

n, =n, + An,, n, =n, + An,

U=U+ AU (39)

Yo =Py + Ay,
ng =n; + Ang,
The controller parameters then have the following form:
G+ Aa=—(U + AU)(fi, + Any)
Aa =—UAn; — i, AU — AU An,
by 4+ Ab, = (3, + Ay,)? — (U + AU) (A, + An,)
Aby =25,Ay, — i, AU — UAn, + Ay> — AUAn,
by + Aby = —(U + AU)(S, + Ay, + 7, + An,)
Ab, = =@, + $,)AU — UAy, — UAn, — AUAy, — AUAn,

(40)
The characteristic polynomial takes the multiaffine form
6 6
d(s) = 8($) + Y 8,0+ Y, 8,944,
i=1 ij=1
6
+ Z 8i.j.k (5)qiq Gk (41D
ijk=1
where
A Ayv A AU A Al’lv
91 == 42 = —=, 93 = =
Yu U n,
A Al’l, A An A A(yv)z
qs =—, gs = —, g4 = —— (42)
n, n{ ()’v)

and
So(s) = s%a+s[n.y? —am, +y, —n, — K»)| + K
81(s) = sne (U +2y,) 3,
8(s) = [=5* +s(=K, +n, +y, —n,) — K, |n,U

83(s) = san,, 84(s) = —san,

856) = [~s2U +s(Un, + Uy, — n,U — K,U +y?) — K, U],

36 (s) = sn; (3,)% S1.2(5) = sney,U

815(5) = (U +2y,)3,h,, 8,5(s) = —sn, UA,

8r4(8) = sn;[jﬁ,
8r5(5) = [=5 +s(n, +y, —n, — Kz) — K, |U#,

835(s) = —sUn,ng, 845(s) = sUn, i,

85.6(s) = i, (3,)7, 8125(s) = s9,UA,

8235(8) = —sUn, i, 8r45(8) = sUn,n, (43)
The remaining § are zero.

Note that characteristic polynomial (41) is multiaffine if the term
(Ay,)*is treated as an independentvariable, unconnected with Ay, .
This clearly is not the case and will, therefore, give conservativere-
sultsin the image set. This should,however, be insignificant because
the uncertaintyin b, was shown to have little effect on the robustness
of the autopilot.

The convex hull of mapped vertices across a grid of frequencies
is shown in Fig. 4. The aerodynamic derivative n, has little influ-
ence on the performance and the robustness, as has y2. Both can be
varied by up to 100% without approaching instability. The U terms
and the n; terms represent the most sensitive parameters and have a
similar effect on stability. Because these parameters will dominate
the image set when all parameters vary together, a reduced vari-
ation of 20% is chosen for them. For the remaining aerodynamic
derivatives, the zero exclusion condition is satisfied for parameter
variationof 90%. It takes a long time to compute the image set for all
of the parameters, as the vertex number and edge number increases
as 2" for n parameters. This is usually the reason why the convex

It 1 1 |

-104.8 -104.6 -104.4 -104.2

-104 -103.8 -103.6 ~103.4

Fig.4 Aerodynamic derivatives stability analysis using the mapping theorem.
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Fig. 5 Frequency template of Gx and Ho stability margin for variations in aerodynamic derivatives.

hull for Kharitonov polynomialsis used instead of mapped vertices,
even if the results are more conservative.

C. Worst-Case H, Stability Margin

To compute the radius « of the ball of the maximum allowable
unstructuredperturbationthatdoes not destroy closed-loopstability,
it is sufficient to compute the maximum H,, norm of Kharitonov
polynomials. This is stated at the following theorem (Theorem 9.2
on page 389 of Ref. 17).

Theorem1: LetG(s)= N(s)/D(s)beanuncertainclosed-loop
system and

K (s)

pS

Gy(s) = i,je{l,2,3,4}

be the interval family of stable proper systems with K (s) and
KZ) (s) denoting the Kharitonov polynomials associated with N (s)
and D(s), respectively. Then G is stable for all perturbations AG
such that | AG||» < « if and only if

a <1/ max |Gl
GeGg

This is a significant reduction in computation because it replaces
testing norms of an infinite family of functions with that of a finite
set. To compute the worst-case H, stability margin of our system,
we need to plot the frequency template G (jw).

Using the results of Sec. IV.B.1, we applied Theorem 1 to find
from Fig. 3 the worst-case H,, stability margin, @ =057, for varia-
tions in controller parameters.

It follows from Eq. (31) that the numerator of G is not affected
by variations in controller parameters a, by, and b,, so that family
G g has only four elements:

1Gillc = 0.5798, |Gl = 0.5185

1G5l = 1.5725, 1G4lloo = 1.7539

Therefore, the entire family of systems is stable under any unstruc-
tured feedback perturbation of H,, norm less than

o =1/1.7539 = 0.57

Then, using the results of Sec. IV.B.2, we applied Theorem 1 to
find from Fig. 5 the worst-case H, stability margin, @ =0.819 x
1075, for variations in aerodynamic derivatives.

By the use of Lemma 9.1 on page 389 in Ref. 17, it was found that
the entire family of systems G g (s) is stable under any unstructured
feedback perturbation of H,, norm less than

a=1/ max |G|, =0.82x 107
GeGg

For both controller parameters and aerodynamic derivatives the
worst-case H,, stability margins found from Figs. 3 and 5 give the
same results as the computation of the H,, norm at the Kharitonov
vertices based on Lemma 9.1 on page 389 in Ref. 17.

V. Conclusions

It has been shown that a reasonably realistic missile model can be
describedas a QLPV system. This suggeststhatthe QLTV dynamics
description (of which QLPV is a special case) is not only relevant,
but also offers the proper level of generality for nonlinearrepresen-
tation of missiles. The second conclusion is that QLPV models are
amenable to input-output pseudolinearizing design, which results
in a controller that depends both on the state and external param-
eters. The third conclusion is that the pseudolinearizing autopilot
is free of the difficulties associated with gain scheduling because
it consists of one controller only and scheduling is done automati-
cally by feedback, which gives total independence of the operating
point. However, the pseudolinearizingdesign is only valid (as gain
schedulingis) in the vicinity of the equilibria and the state transfor-
mation matrix may be ill conditioned. The fourth conclusionis that
an effectiverobustnessanalysis was possible by treating the closed-
loop system as an uncertain LTI model. However, the Kharitonov
approachemployed]led to rather tedious computations,and it would
be nontrivial to extend it to missile models of higher order. Finally,
the choice of output allowed having the relative degree equal to
the order of the system, so that no unobservable dynamics were in-
volved, which would have required their stability analysis and could
have diminished closed-loop performance.
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